& T 2
UNIVERSITY OF WATER«'I'-QO / a o & : o
2N/ FACULTY OF ENGINEERING ‘ 5 -
P Department of Electrical & .

[ ]
omputer Engineering _‘_\;\ H‘ L4 “

2- I’\JE,lP}Llnear algebra for.nanotechnology engmeem&
L) ",-j 'y af> 2 \ ‘ . . ’-‘“

. - : ‘A ¥
g;az : 2 = \
& ~ "R &

7.\%"{:“ ‘l '.-' . ’ ,....‘
"R - : e a® . ¥ g ;" &
) P - i 28 )
el W -4 b
e VRS RN o
“;;‘,' 7% 6 4.9 Sol,utlor}s tQ homoge‘neous .

g5 ” b ystems of l‘inear eéluatlons“‘ Al
‘ 7 M g & "f \’r :

y L | .
4 % > :A l o " .“ ] y .
‘ y - T — _n' ‘ “- ‘*’
= - N - “'. < -~
e X ' » ! X > .
= - ™ ’ & I ‘ ’

T ' Y
- : A 1
g Douglas Wilhelm Hérder, LEL, M.Math t\k

' dwharder@uwaterlgo.ca ‘
U ] 'dwharder@gn!hll com _ ,'..’ g .
: \“‘\-Tt" -3 vy N :‘"‘-. AN

o:\

‘-r-

& / S




L TS Ly T o] b o
- o Bt Ll - S o P

b 4
/ )
- 4B

Vg 2 2 - ‘ -""'; - &4 \_‘, 1’~ o "5":-&\ y A ,d.\l‘;: A ;‘ & :-:Eji S it
v e *"#Solutions to homogeneous systems WMG ations /’Nﬂ'*"e
N W / s
b /l‘.'.“"!: —
Introduction

* In this topic, we will

Review the definition of a homogenous system of linear
equations

Compare solutions to non-homogenous and corresponding
homogenous systems of linear equations

See that the zero vector is always a solution to a homogenous
system of linear equations

Look at a number of results concerning all solutions to a homogenous
system of linear equations

.
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Solving systems of linear equations

Recall that a linear equation is homogeneous if the right-hand
side or constant is zero

— The term homogeneous implies all terms are of the same format

— In a homogeneous linear equation,
all terms are of the form a coefficient times an unknown

* There is no constant term
A system of homogeneous linear equations is equivalent to

asking if a linear combination of vectors equals the zero vector

au, +---+au =0

.
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Terminology
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Given a system of homogeneous linear equations,
we will call it a homogenous system of linear equations

Also, given a system of linear equations,
the corresponding homogeneous system is that system of
linear equations where all equations are equated to 0

— For example, given

3x, +5x, —4x, =2

—x,+9x, —6x; =0
Tx, —2x, —8x; =—1
— The corresponding homogenous system is:
3x, +5x, —4x, =0
—x, +9x, —6x, =0
Tx,—2x,—8x, =0

Important: one equation
being homogenous does
not make the system
homogenous

.
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Terminology

A non-homogeneous system of linear equations is any system
where at least one linear equation is non-homogenous

— This corresponds to the question of any linear combination of
vectors equaling a non-zero target vector

au, +---+au =v+0_

If any one entry of the target vector is not zero,
the corresponding system of linear equations is a
non-homogenous system
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Solving systems of linear equations

Recall that for a general system of linear equations,
there may be:

— No solutions
— One unique solution
— Infinitely many solutions
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At least one solution

For a homogeneous system of linear equations,
there is guaranteed to be at least one solution:

— That solution is when all unknowns are 0, for given
3x, +---+6x, =0
has the solution

— Similarly, looking to solve
au, +---+au =0
this also has the solution
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Possibly infinitely many solutions

* There may be more than one solution to a homogeneous system
of linear equations

— For example,
2x, +3x, =0
has infinitely many solutions:

(—1.5x2j (-1.5}
X = = X,
X, 1

— Note that when x, =0, then x, =0

e We will call the solution when all unknowns are zero
to be the trivial solution

— The trivial solution is never a solution to a non-homogenous
system of linear equations Q
8
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Solutions for a homogenous system

Thus, for a homogenous system of linear equations,
there may be:

— One unique solution; that is, the trivial solution
— Infinitely many solutions, one of which is the trivial solution

Recall that in Gaussian elimination, all we do is add multiples of
one row onto another

— If one column (in this case, the last column) is all zeros,
you can never get a non-zero entry appearing in that column

— Thus, rank(A) = rank(AfO) for any matrix A4,
so it can never happen that there are no solutions

,
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Example

Recall that previously, we found that this system of linear
equations had one unique solution

32 26 24 -254 [ A
3.6 —0.8 11 3838 x=|-3
4 3 -2 i 3 L 2)

If you were to solve the corresponding homogeneous system of
linear equations, you would get only the trivial solution:

. \
32 26 240 (0
3.6 0.8 11 0 x=|0
4 3 -2 0 \()/
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Example

Previously, we found that this system of linear equations
infinitely many solutions:

57 3 66 9—1.4x, 9 1.4
O 0 -9 63 X = X, — O |+ X, 1
0 0 27 -189 7 7 0

If you were to solve the corresponding homogeneous system of
linear equations, the constant vector in the solution is zero:

5 7 -3 0 —1.4x, —1.4
0 0 270 0 0

A
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Example

Previously, we found that this system of linear equations had no
solutions:

-3 p) 4 13
1.8 —2.7 2.1 -2
—06 -46 1.8:-34

* If you were to solve the corresponding homogeneous system of
linear equations, you would find infinitely many solutions:

-3 2 4 10) (-3 2 40 22
1.8 27 21 0|~ 0 -5 1 0 x=x,| 3
06 -46 18:0 0O 0 0 0 15

- 4
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Example

Previously, we found that this system of linear equations
infinitely many solutions:

0 2 =5 9 X, 0 |
0 3 4.8%—1.26 x=| 1.5|=| 1.5|+x]0
0O -5 2 :-99 ~1.2 . ) 0

If you were to solve the corresponding homogeneous system of
linear equations, the constant vector in the solution is zero:

0 2 -5 10 X, 1
0 3 48 0 x=| 0 |=x/0
0 -5 2 0 0 0
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Example

Recall that previously, we found that this system of linear
equations had one unique solution

4 \
3.6 39 51 42:13.14 0.3
2.4 —09 37 64 434 « — 0.7
4 3 -1 0 438 ~1.5
28 09 27 3 -306

If you were to solve the corresponding homogeneous system of
linear equations, you would get only the trivial solution:

: (0 )
3.6 39 -51 420
24 09 37 640 0
4 3 -1 0 0 0
0

28 09 27 3
0 ) Q
14

294>




ARt a1 O B .

[ % 3 37 g z L e T .
v *p e :‘" * FSoluuons'tO hombgeneous SySt'e‘ms %@a; efi{atlo,nﬁ /\\ ,qé
'ﬁ

, m‘r '

Example

* This system had infinitely many solutions:

6.8 -2 1.3 2.8
2 4 - 305 11 0
1.6 32 22 12 58 166 x=|26|+x,
0.6 -12 53 29 15 97 0
0

o O O =
p—
=

/

* Here is the solution for the corresponding homogenous system:

2 1.3 2.8
2 4 -1 35 00 1 0 0
1.6 32 22 12 58 0 x=x,| 0 |+x,| 04 [+x|-06
06 -12 53 -29 15 0 0 1 0
0 0 1

- 4
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Example

Recall that previously, we found that this system of linear
equations had one unique solution

0 72 -—24:i-1584

[ 2.5)
1.5 0.9 103 17.67 -
3.5 29 0.1 3.97 x=|-1.7
5 3 L. 89 . 1.5
-2 -92 56 19.04

If you were to solve the corresponding homogeneous system of
linear equations, you would get only the trivial solution:

0 72 240
(0 )
1.5 09 1030
3.5 29 010 x=|0
5 3 Lo L0 )
-2 92 560
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Relationships

* Thus, we may note, given a non-homogenous system:

— If the corresponding homogeneous system of equations has only
the trivial solution,

then the non-homogenous system either:
* Has a unique non-zero solution
* Has no solutions

— If the corresponding homogenous system of equations has
infinitely many solutions,

then the non-homogenous system either:
* Also has infinitely many solutions (but 0 is not one of them)
* Has no solutions

"
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Theorems

Theorem

If x is a solution to a system of linear equations, and
X, is a solution to the corresponding homogenous system,

then x + a X, is also a solution to the system of linear equations.

Proof: Let qu, +---+ ¢, u, = v be the system of linear equations.
If XU+t xu =v and Xo U+t x,,u, =0,
thus (x1 +05x01)u1 +---+(xn +ax0n)un
= (xu, +---+x,,lun)+05(x01u1 +---+x0nun)

=v+a0 =v 1

- 4
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Theorems
9 5 7 -3 | 66
 Forexample, x=| O | isasolutionto |0 0 -9 63
_7 0 0 27 —189
2.8 5 7 -3 0
« Also, x,=|-2 |isasolutionto [0 0 -9 0
0 0 0 270
9 2.8 5 7 -3 | 66
e Thus, | 0 |+«| —2 |isalsoasolutionto [0 0 -9 63
_7 0 0 0 27:-189
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Theorems
Theorem

A system of linear equations has a unique solution only
if the corresponding homogeneous system
has only the trivial solution

Proof: Suppose a system of linear equations had two solutions:
au, +---+au =v pu +---+pLu =v
Consider a —f3
But, (o, — B )u, +---+ (e, — 8, )u,

:(alu1—|—---+anun —(,Blu1+"'+,8nun)
=v—-v=0_

Thus, a —=0, andso a=f &
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Theorems

Theorem

The collection of all solutions to a homogeneous system of
linear equations always forms a subspace of F".

Proof: If ¢u,+---+,u =0 _and fu, +---+Lu =0,
Thus, (yo, )u, +---+(ya, )u,=y(au, +--+a,u,)=y0 =0
(o, +B)u, +-+(a, + B, )u
=(aqu, +---+a,u,)+(fu, +--+Lu,)
~0,+0 =0 M
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Theorems

Theorem

The collection of all solutions to a non-homogeneous system
of linear equations is never a subspace of F™.

Proof: If the system is non-homogenous, then 0, is not a solution.

If 0, is not in a collection of vectors, that collection of vectors
cannot be a subspace. B
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Because the solution to a homogenous system of linear equations
is always a subspace of F", we can always write the set of all
solutions as the span of a set of vectors

For example,
all solutions to

2 4 —1
1.6 32 22
—0.6 —-1.2
— Thisequals
span <

—2

oSO O =

35 00
12 580

53 29 15 0

—1.3
0

| 0.4,

1

0

X=X,

—2.8
0
—0.6 |;
0
1

S O O =

-1.3

0.4

+ X

-2.8

—0.6

&
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Observation

* Suppose you have found one particular solution to a non-
homogeneous system of linear equations

* Suppose, also, that you know all solutions to the corresponding
homogenous system

* Ifyou add the particular solution to each solution of the
corresponding homogenous system, you get all solutions to the
non-homogenous system of linear equations

N
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Observation
1
For example, .
2 4 -1 35 1 0) x=|2
1.6 32 22 12 58 6 0
0.6 -12 53 -29 1.5 10 0 (=2 (-1.3) (-2.8)
Previously, we saw all solutions to the 1 0 0
corresponding homogenous system were spanq| 0 [,| 0.4 |,| —0.6 |;
0 | 0)
LojlLo 1)

Thus, all solutions to the non-homogenous system of linear

equations are

S O NN O

—2 -1.3 —2.8
1 0 0

+a, +a,| 04 |+a;| —0.6

0
0 1 0 Q
) 0 1 2
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Nice results

 [tis useful to remember that:

If x, and x, are solutions to a homogenous system of linear
equations, then so is ¢x; + &)X,

If x, and x, are solutions to a non-homogenous system of linear
equations, then neither x; + x, nor a X, for o # 1 are solutions to
that non-homogenous system

If x, and x, are solutions to a non-homogenous system of linear
equations, then x, — x, is a solution to the corresponding
homogenous system

If x, and x, are solutions to a non-homogenous system of linear
equations, then a x, + (1 — @)x, is also a solution to that non-
homogenous system for all scalar values of «

o 4
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Summary

Following this topic, you now
— Understand what a homogenous system of linear equations is

— Know that the zero vector is a solution to a homogenous system

 All solutions to a homogenous system of linear equations is a
subspace

 All solutions to a non-homogenous system is never a subspace
— Understand there is a strong relationship between solutions to a

non-homogenous system of linear equations and the
corresponding homogenous system
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Colophon

These slides were prepared using the Cambria typeface. Mathematical equations
use Times New Roman, and source code is presented using Consolas.
Mathematical equations are prepared in MathType by Design Science, Inc.

Examples may be formulated and checked using Maple by Maplesoft, Inc.

The photographs of flowers and a monarch butter appearing on the title slide and
accenting the top of each other slide were taken at the Royal Botanical Gardens in
October of 2017 by Douglas Wilhelm Harder. Please see

https://www.rbg.ca/

for more 1nformat10n
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Disclaimer

These slides are provided for the NE 112 Linear algebra for
nanotechnology engineering course taught at the University of
Waterloo. The material in it reflects the authors’ best judgment in
light of the information available to them at the time of preparation.
Any reliance on these course slides by any party for any other
purpose are the responsibility of such parties. The authors accept
no responsibility for damages, if any, suffered by any party as a
result of decisions made or actions based on these course slides for
any other purpose than that for which it was intended.
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